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In [1] the method of in tegra l  re la t ions  was used to investigate the hydrodynamics  and mass  
t r a n s f e r  in a liquid l aye r  on a rotat ing Archimedes  sp i ra l  in the absence of wave fo rma-  
tion. In the p resen t  a r t i c l e  we use the work method [2, 3] to investigate the hydrodynamics  
and mass  t r an s f e r  in the ent rance  region in a liquid layer  of var iab le  thickness on a 
rota t ing Arch imedes  spira l .  

We consider  the flow of a l aminar  liquid layer  on the  inner  sur face  of an Arch imedes  spira l  rotating 
in the hor izontal  plane with a constant angular veloci ty  w. The equation of the spira l  in polar  coordinates is 
r = A O ,  where  A> 0. The liquid f i lm flows f rom the cen te r  (entrance region) toward the pe r iphe ry  in the 
channel formed by the Arch imedes  spiral .  We denote the a r c  length along the s t reaml ined  wall of the sp i ra l  
channel f rom the or ig in  of  coordinates  (x, y) in the plane of the inlet by x, and the perpendicu lar  distance f rom 
the wall by y. The coordinate  sys tem is fixed with respec t  to the s t reaml ined  solid surface .  It  is assumed 
that the p r e s s u r e  is steady, the flows a re  i so thermal ,  and the diffusion coefficient is constant. 

Under these  assumptions  the prob lem is desc r ibed  by the Prandt l  boundary- layer  equations and the 
equation of convective diffusion, 

au art t Op , O'~u u 2 t Op Oft av 
ttO~'x-~-/)Oy-y = F x  p #z tv0-~y 2' R(x) = F y - -  P 0y' ax ~ - ~ y = 0 ;  (1) 

ac a~ = n ~ (2) u ~ + v -g-U" u - oy , ,  

w h e r e  D is the diffusion coefficient,  R(x)=A(02 + 1)3/2/(02+ 2) is the radius of curva ture  of the spiral ,  and F x 
and Fy a r e  the components of  the body fo rces  along the coordinate axes .  The body forces  acting on a unit mass  
of  the liquid fi lm a r e  the centr i fagal  force  Fce=wZR(x) and the Coriol is  force  Fco = 2[w.x v]. The i r  components 
a l o n g  the coordinate  axes  have the fo rm 

F= : ta2R(x) cos a • 2r Fy = --r s in  a q: 2r 

w h e r e  the  u p p e r  signs co r respond  to a counterc lockwise  rotat ion of the sp i ra l  and the lower to clockwise ro t a -  
tion. The angle a between the centrifugal  force  vec to r  and t h e  posi t ive direct ion of the tangent is re la ted  to 
the polar  angle 0 by the equations 

s in  r : O / p r O  ~ - i -  1, COS Ct : ~/V  o ~ -~- t .  

We use  the following boundary  and initial conditions: 

. fo r  y : 0  u = 0 ,  v = 0 ,  c = 0 ,  
far y = H ( x ) .  Ou/Oy = O, p = c o n s t ,  C = e p ,  
for~ X -~ O,c = 0 ,  

w h e r e  the equation of the sur face  H(x) is de te rmined  f rom the solution of Eqs. (1) and (2), taking account of  
the k inemat ic  condition 

v = u d t t / d ~  

on the boundary surface .  
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We cons t ruc t  d imens ion les s  equations f rom (1) and (2) by introducing the following t r ans fo rma t ions :  

u = up-u, y = ap~, v = ( u # R e ) ~ , .  = 8pRe~,  c = cpc, 

where  the f i lm th ickness  5p in the s tabi l ized region,  found f r o m  the solution of Eqs.  (1), has the f o r m  

s z ~  
~p = ] / ~ .  

In the d imens ion less  equations we t r a n s f o r m  f r o m  the va r i ab l e s  (x, y) to (0, y) with d~ = ~ dO/EZ E5 Re,  
where  EZ=~r '~e/Ga =Sp/h  0 is  the ra t io  of the th ickness  of  the boundary l aye r  to the or iginal  th ickness  of  the 
liquid f i lm h0, Ga = r 2 is the Galileo number ,  Re =3q/v is the modif ied ReYnolds number  (q is the flow 

�9 ra te  of  the liquid film), and E5 =h0/A is the d imens ion less  c h a r a c t e r i s t i c  of  the sp i ra l .  Then the s y s t e m  of 
equations and the boundary conditions in the coordinates  (0, y) descr ib ing  the motion of a thin layer  on the 
inner  su r face  of the sp i r a l  channel take the fo rm (omitting bars  over  symbols)  

E5 El Re Ou Ou E5 Et Re Op 20~u 

(3) 
u s ap E5EtRe au ~ av __ 

- -E5Et~- -~(x)=F~-- 'Oy ,  ) z ~ - ~ - ~ ' ~ ' m ~ y  - 0 ,  

0 s -~ i 6 Ga 1/2 E5 t/2 Et 2 
Fx = 9 ~ +__ �9 Re v, 

Fy = __ R-~9 ua ~'~0~ ,-~ t ~ 6 Ga t/2ReE5i/2 Et2 u; (4) 

E5EI Re 0c 0c 30~c. 

for  y = O  u : v = O ,  c = O ,  _ 
(~) e~ op (5) 

fo~ y = - ~ - ~ = 0 ,  ~ = 0 ,  c = t .  

We solve the p r o b l e m  by the method of equa l f l ow- ra t e  su r f aces ,  which i s  re la ted  to the group of col loca-  
t ion methods  [2]. We int roduce the l ines yk=Yk (x) into the flow field, and the notation 

uk(x) = u ix ,  y~(x)] ;  v k ( x ) =  v [ z ,  y k ( z ) l ;  c~(x) = c[x ,  y~(x) l .  

We se t  o u r s e l v e s  the goal of reducing the p r o b l e m  of flow development  to the numer ica l  de terminat ion of the 
functions Uk(X), Vk(X) , and the in te rphase  su r face  H(x). We define Yk as a line of equal flow rate ;  then Uk(X) 
and Vk(X) a r e  connected by the re la t ion  

E5EiRe . .dYk 
vh - V-~-----~ uh tz~ ~ - ,  (6) 

which follows f rom the conservat ion  of flow ra te  and the equation of continuity. In addition, the equation of 
continuity is equivalent  to the following s y s t e m  of equations: 

ya(~) 

u d y = c o n s t h ,  k = 2 , 3 , ~ . . , h  r . 
vh-  (xl 

Evaluat ing these  in tegra l s  by the t r apezo ida l  rule  with a uni form e r r o r  e s t ima te  with r e s p e c t  to the va r i ab le  
0 having the th i rd  o r d e r  of  s m a l l n e s s  0 , =  {m~x [ g k -  Y~,-i]} 3' we obtain a s y s t e m  of l inear  a l g e b r a i c  equations 

of  the fo rm 

(ya(x)  - -  ya-l(x)(ua(x) q- ua-l(x)) ---- oonst~ -F Os.  (7)  

After  di f ferent ia t ing both s ides  of (7) with r e spec t  to 0 we obtain a sy s t em of o rd inary  d i f ferent ia l  equations for 
de te rmin ing  the s u r f a c e s  of equal flow ra te  yk(x): 

/du h dUh_l I dYh dYh-t Yk--Yh--t (._~. ~ dO ]" (8) 
dO -- dO uaq-uk_ i 

The de r iva t ives  with r e s p e c t  to the independent va r i ab le  0 have the fo rm 

= L ~  -- 0-'~ d"-'OJy=u h' (9) 

where  gOk= Uk, Pk, Ck" 
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Express ing  the Oq~,lO0 f rom (9), substituting them into Eqs.  (3) and (4), and using ( 6) , we reduce the 
problem to the following sys tem of ord inary  differential  equations: 

VW+-~ u~ ~ -  = e , a -  YW+-i [ d0 0y a dO ] + 3 0v'--~; 

dP a dPk_t dM a 
a--~" = ~ + - 7 6 ;  

E5 El Ro dea 30~*a 
u~ ~ = ~7 ov-~' 

(10) 

(11) 

(12) 

where  
Yh 

yh--t 
u2 

~ = Fy~, + E5 E1 h-~))' k = 2, 3 , . . . ,  N.  
)Yk 

To evaluate the second der iva t ives  with respec t  to y in Eqs. (10) and (12) we wri te  the solutions for u k and c k 
as expansions in a complete set  of basis functions sat isfying the homogeneous boundary conditions (5). In the 
p re sen t  paper  the sys t ems  of basis  functions for veloci ty  and concentrat ion were  chosen, respect ively ,  in 
the form 

---- t ~ ~th+t, 

and the orthogonal Chebyshev polynomials  of the f i r s t  kind were  used in the fo rm 

V~j (x)  = Tj+i  (~k) - - / ' ~ + l  (0)  - [ r j  (nk) - Tj  (0)l  I . t 

Ktat (x) = Ti+t Oh) + Tj+t (0) (2n~ -- ~h --  t) ,  

where  eve rywhere  in these express ions  

n~(z) = yj , (z) /H(x) ,  ] = 1, . . ., ~V, k = i . . . . .  N .  

The resu l t s  obtained by using different  sets  of basis functions did not differ  appreciably,  but the requi red  
accuracy  was at tained with fewer  t e r m s  when using the Chebyshev polynomials.  

The solutions for Uk(X) and Ck(X) were  wri t ten as 
iv 

u k ( z )  = ~ Aj (x) Vhj ( z ) ,  

iV 
ca (x) = "~ A I j  (x)  K t k ~  (x) ,  

5=t 

] = : t  . . . . .  N , k = : t  . . . . .  N ,  

which a r e  valid for  a r b i t r a r y  values  of the independent var iab le  x. This sys tem of l inear  a lgebra ic  equations 
is used to de te rmine  the expansion coefficients Aj(x), Alj(x) which are  involved in the calculation of the second 
der ivat ives  with r e spec t  to y on the k-th coordinate sur face  a2Uk/0Y2k and a2Ck/aY2k . 

The sys tem of nonlinear ordinary  different ia l  equations (8), (10)-(12) was solved by the Runge--Kutta 
method. Since dPl/d0 is indeterminate ,  the r ight-hand sides of Eqs.  (8), (10)-(12) were  de termined in two 
stages:  1) The pivotal coefficients  were  calculated and used to find the unknown boundary condition; 2) the 
r ight-hand sides were  evaluated cor rec t ly .  With tMs in mind Eqs. (8), (10)-(12) were  reduced to the form 

duk f dPl~ -~ Nh ~ ~ Rh, 

dr. h dub_ ! dYk dYh--t + S~ ~ + Sh O, 
dO dO ~ = 

dPk dPk~l ~- Qh duk duh-I 
"dO dO " ~  + Tk --"d-if- = f2a, k ---- 2, �9 . . ,  N ,  

I [ 9 O 2 + 1 E5 Et (0 2 + 2). 2h (13) 
L k =  i..~-- Nh=.- .~k  k'R'e'Oozq-2-- (O,_j_t)3/2"~h) ' 

uh" 
9 (0 2 + t) 3/2 3 }/~--~-~ OSUk Ya --Yk--I 

2' Sk -- R k  ----- E5 Et Re u k (0~-{- 2), -~" ESEt  Re utt #y~ - -  uk-4- ~h--l '  
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. .ESEt(03+2) 9 rio 3-5i 
~-~-~ (~+~;-0 ~(~i )~  ~o3+2~  Q~ = ~ + ~_~ 

] [ E5Et(02+2) q = 3Gat/2E5i/2Ei2 ] 
3GaI/2E5t/2Et2Re (Uh-~uh--l) - -  (Yk. - - Y h - l )  uh (02 -5 t)3/2 Re ' 

( E5 Ei (03 -5 2) 9 0 02 -5 1 3 Ga ~/2 E5 i/2 El 2 
r,~ = ~''~-+ Y~-~,,~_ ~ u~ + u~_,) : (o~ + ~)~/2 n~ ~ ~ R~ x 

[ E5 Et  (0 z -5 2) 3 Ga t/2 E5 t/2 Et  2] X(,~+u~,_t)]--(~,~--y~,_~)[u,,_~ (0--~-$-7+~) ~ ~ , -  ,~, J, 
Q'~='(Y~-t-Y~)[(u~ -}-'2~-t)' E5 Et e (O* + 4) 2 (-~ ~ 1-~  ~'~9 04 -5 583 -5 2"~ J" 

We wri te  the sought functions duk/d0, dYk/d0 , dPk/d0 in the fo rm of pivotal  re la t ions:  

duk/dO = Ua -5 Ukdp,/dO, dyh/dO = Y~ -{- Y'kdp~/dO, 

dp~/dO = Pk + PhdpJdO. 

Substituting these  exp re s s ions  into (13) and taking account  of the fact  that  Uk_l, ~k - t ,  Yk-1, Yk-1, Pk-1, t)k-1 
a r e  known, we obtain expl ic i t  exp re s s ions  for  the pivotal  coefficients in the fo rm of the following r e c u r r e n c e  
re la t ions:  

Uh = i r k  - -  N~(Yh-1 - -  8hUh--,) - -  Lh(flk + Pk-1 - -  ThUh-1)] / ( l  - -  LhQk - -  NkSk) ,  

Uh = [N~(SkOk-~ - -  :Yh-x) + Lh(ThU~- ,  - -  P~-x)|/(i - -  L~Q~ - - N ~ S h ) ,  

Y~ = --S~U~_~ + Y~_~ -- S~U~, (14) 

% = - s ~ _ ~  + ?~_~ - s~O~, 
P~ = ~q~ + P~_~ - -  T~ U~_~ - -  Q~ U~, 

b~ = ~_~ - r~ ~_~ - Q ~ .  
F r o m  the condition 

dU1/dO = dyj/dO = dp~v/dO = 0 (15) 

and f rom Eqs.  (13) we find the va lues  of  the pivotal  coefficients for k = 2: 

Us = (R2 -- L3Q2)/O -- L2Q2 -- N3S~), U3 = --LJ(~ -- L2Q 2 -- N2S~), 

Then using Eqs.  (14) we find the values  of  the pivotal  coefficients for any k. In pa r t i cu l a r  for  k = N  we have 
dPN/d 0 = PN + PNdpl /d0,  but dPN/d0 is known f r o m  (15)and,  consequently,  dpl /d0 = (dPN/d0 - PN) / t 'N .  Then 
by a r e v e r s e  pivotal  we calculate the values  of the r ight-hand sides of the s y s t e m  of different ia l  equations 
(13). 

Af ter  de te rmin ing  the veloci ty  field u k the sy s t em of different ial  equations was solved for  the concent ra-  
tion in the liquid l ayer  by the R u n g e - K u t t a  method.  

The m a s s - t r a n s f e r  coefficient in the liquid film was calculated f rom the express ion  

YN 

D l' oc ~ d i ucdy, (16) 
\~-y/y=% = d--)- , 

0 

which was obtained a f te r  in tegra t ing the convective diffusion equation a c r o s s  a liquid fi lm of va r i ab le  thickness  
and using (6) at  the in te r face .  

Averaging  Eq. (16) with r e spec t  to the longitudinal coordinate over  a por t ion with a cha r ac t e r i s t i c  length 
L we obtain 

L L c YN -I ] 
0 L. 0 

After  averag ing  both s ides  of  Eq. (17) ove r  the sur face  of contact, evaluating the integral  using the boundary 
condition (5), and introducing the d imens ion less  va r i ab le  x = 6p Re Pr~, we obtain an express ion  for the ave rage  
m a s s - t r a n s f e r  coefficient  in the liquid film: 
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The algorithm described above was used to calculate the velocity field, concentrations, surface of 
separation, and tangential s t ress  on the wall of the spiral  channel in the entrance region as a function of the 
slit width, the Reynolds number, and the dimensionless character is t ic  of the spiral E5. 

Figure 1 shows the character is t ic  form of the development of the velocity profile in the liquid film at 
various cross sections for Re=100, E5 =0.1, and E1=1/3 .  Figure 2 shows the character is t ic  dependence of 
the local tangential s t ress  w on the dimensionless length of the spiral for Re=300, E5 =0.1; D E1=0.1; 2) 1/7; 
3) 1/3; 4) 2/3; 5) 1; 6) 2. The tangential s t ress  var ies  sharply in the region near the edge of the film distr ib-  

�9 utor; for 6p/h 0 > 1 it decreases  near  the edge of the film distributor and for 6p/h 0 < 1 it increases.  Figure 
3 shows how the ratio of the local tangential s t ress  to the tangential s t ress  in the stabilized region depends 
on the dimensionless length o f the sp i r a l fo rRe=300 ,  E5=0.1; 1)E1=0.1; 2) 1/7; 3) 1/3; 4) 2/3; 5) 1. The ratio 
T/Tp for 6p/b 0 < 1 increases  with the distance from the edge of the film distributor. The dimensionless 
distance ~ at which the ratio T/Tp approaches unity depends on El ,  increasing as E1 decreases.  

A comparison of the results of a calculation of the velocity and tangential s t ress  in a liquid film running 
down a ver t ical  channel by gravity [3] and a film on a rotating Archimedes spiral shows that these quantities 
develop in the same w a y .  
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Figure  4 shows the cha rac t e r i s t i c  fo rm of the dependence of HT 2 on the d imensionless  length of the spiral  
for  a) Re=100 ,  E5=0~  E l = 0 . 1  and 1) P r = 1 0 0 ,  2) 300, 3) 1000; b) Re=100 ,  E5 = 0.1, Pr  = 300 and 1) E1 = 0.1, 
2) 0.4, 3) 1, 4) 1.6; c) Re=100 ,  E l = 0 . 1 ,  P r = 3 0 0  and 1) E5=0.1 ,  2) 0.5, 3) 1; d) E5=0.1 ,  P r = 3 0 0 ,  E l = 0 . 1  and 
1) Re = t00 ,  2) 500, 3) 1000~ It is  c lea r  that  lurge values of HT 2 cor respond  to l a rge  values  of E l ,  E5, Re,  and 
P r .  These  p a r a m e t e r s  have l i t t le ef fect  on the in te rcep t  on the t iT 2 axis which va r i e s  f rom 0.85 �9 10 -2 to 
10 -2 and can be taken as  0.009. 

Over  the range of p a r a m e t e r s  invest igated HT 2 can be approximated to within about 5% by the express ion  

H/~ = (3.5 + 0.7E~ + L2E5 + 0,001Re + 0.0007Pr)~ + 0,009, (18) 

Taking account  of  (18) the express ion  for  the average  m a s s - t r a n s f e r  coefficient in the liquid phase can be 
wri t ten  in the form 

u t / 2 D i l 2  / "  ............. 6p Re Pr 
= ~ V 3 . 5  +0,7  EI-}-t,2E5-{-O,OOIRe+O.O007 Pr+0~009 L " 
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